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We consider problems of the optimal control of a linear system subject to ran-
dom actions, We assume that the system's phase coordinates are connected by
nonconvex constraints which are necessarily also stochastic, We discuss deter-
ministic problems equivalent to the stochastic ones mentioned, The unified
approach to the problems formulated is based on the method for solving linear
control systems, developed in [1] and medified in [2 — 4] for systems with con-
straints,

1, Let there be a control system
de/dt = A (1) « () + B (t) u(t) + E(2) (1.1)

where 2z () is the n-dimensional phase coordinate vector, z is the r-dimensional con-
trol vector, A (t), B (t) are known continuous matrices of appropriate dimension, & (¢)
is an n~dimensional vector-valued random process with specified probabilistic charac-
teristics, The deterministic controls u (t) (elements u (-)) are chosen from a fixed
weakly-compact convex set U of functions u (f) from the r-vector space Lylt,, tal.

The control of the deterministic component
!

0X [t ta]a®+ Q@ \ Ht, vu(v)dr =y (1) (1.2
ta.
of the state vector Z (f) of system (1,1) is effected by choosing u(-)e= U .
Problem 1,1, Given an initial state Z (f;) == 2/®, a point z(®  a number
g > 0,a continuous function v () > 0 and an n-vector-valued function z°(¢). From
among the controls u(-)& U find the u°(?) satisfying the condition #° — #, = min

under the constraints Mo IP (2 (1) — 2®)] < & (1.3)
Mp,|Q (z () — (N > v (1), t<SESE (1.4)

Here P, Q are known matrices of dimension p X n, ¢ X n.respectively, pilz],
p,fz,] are nonnegative convex functions in the spaces R(P), R@ (p, g n), for
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which we can find numbers & > 0, & >> 1 so as to satisfy the conditions

pilz;] < all + |lz;)¥], t=1,2 (1.5)

(Il z || is the Euclidean norm, M is the symbol for the mean),

we can formulate as well a problem reciprocal to Problem 1,1,

Problem 1,2, Ona given interval [¢,, t3] find the control u%(f) & U giving
the condition ¢ — min {e} under the constraints % (fz) = @), (1.3),(1.4).

The problems formulated conta'n the nonconvex probabilistic constraints (1,4) on
the phase coordinates and the convex probabilistic constraints (1,3) on the system's
terminal states, In particular, Problem 1,1 is, in fact, that of the shortest time
to take the system from the position /® & R™ to a probabilistic neighborhood of
the point z® = Pz® e K®) in such a way that the phase constraint (1,4) is satisfied
at each instant,

2, Let us describe the solution of Problem 1,1, setting 2°(f) = 0. A consideration
of the general case does not bring in any new essential aspects in the arguments, Let U,
be the set of controls u(-) & Lylts, tgl taking system (1.1) from the point z(t,) =
) onto the manifold {z} (C R® so that Mp,[Pn (tg) — 2] < &. Here the ran-
dom variable M (g) and the deterministic vector z are connected by the relations

ig

n(te) = S X [t T} E(7)dv (2.1)
tEl

28 — z - Py (tg) = Px (t) (2.2)

It can be shown that set U, is convex and weakly closed, Then,the set U*=U () U,
is convex and weakly closed,

We denote the support functional of set C (Z L, by P(A(-) | C). On the basis of
the generalized Hahn-Banach theorem [5] we obtain an expression for the support func=

tional p (h(-) | U*, of set U*

p (h(-) | U*) = inf {p (A(-) + p'PHltp, 1| U) — (p-2®) 4  (2.9)
p(pl N) + p'PXltg, t, ]2} over all p= RP

Hltg, t] = Xltg, t1B (1), N = {z | Mp,[Pn (tg) — 2] &}

Here XIl¢, t,] is the normed fundamental matrix of system (1.1), (a-d) is the sca-
lar product of vectors @ and b,

We consider a set P of deterministic vector-valued functions ¥ (f) corresponding
to the controls u(:) & U* such that

psly ()] = Mp,ly (&) + On ()] > v (1), t, <<t (2.4)

Here m (£), y (¢) have been defined by equalities (1,2),(2.1), We can verify that
psiy] is a nonnegative closed convex function [6] in R(®), We assume that the ran-
dom process E (£) has continuous kth-order moments, Then pgly ()] is everywhere
a finite function for every ¢ & [, t5]. From the properties of convex functions it
follows that pgly ()] can be represented in the form

Poly (O] = max (Loy () — W) = (LY (0) — o5 Lk L<ESE 2.5
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where F* is the epigraph of the function ps* [I] adjoint to pylyl. The maximum in
formula is indeed achieved since the function {I-¥ (£)) — p* and the set F* =
epi p3*[{] do not have common directions of recession (see [61).

By W we denote the set of vector-valued functions { (¢) giving the maximum in
(2. 5) for the realizations y (-) & P. In what follows we shall assume that the epi-
graph of function pglyl is a smooth set, Then, the vector-valued functions I(-) E W
are continuous, We assume, moreover, that the set W forms a compactum in space
C@, We consider the following auxiliary probiem,

Problem 2,1, Find the control u(:) & U*, t & [¢,,
ment of condition (2, 4),

It is clear that the auxiliary problem has a solution if and only if there exists I(-) &
W satisfying the inequality

FT@y@) —p*IMI >V (t), te& [ty tgl (2.6)

for any control u(-) € U*. Then the condition for the solvability of the system of
inequalities (2, 6) for some I(-) & W is equivalent to the condition for the solvabi-
lity of the generalized moment problem

tg], ensuring the fulfili-

3

(U@l du@dr > @ XL ta] a4 p* LOT+v(O) 27

g

‘s
\R@u@d<pk()|U) foral k()L (2. 8)
tCl

Applying the procedure described in [2 ~47 and passing to the Stieltjes integral, the
necessary and sufficient condition for the solvability of problem (2, 7), (2. 8) is written
in the form s

mina o {o () V() QH 1 71N 0| U%) + 2.9
tg ¥ t@ tg
§rmox i nlawdrm — vyaa o — et 1016 (0]} > 0
ty ta Iy

Here the minimum is taken over all nondecreasing functions of unit variation, Then,
making use of formula (2. 3), we get that the required necessary and sufficient con-
dition for the soivability of the auxiliary Problem 2.1 is the fulfillment of the inequal-
: t

ity B

max;( miny () ming {p( S U(t) QH [t, T]1dA(t) -+ p'PH [tar] IU)+ (2.10)

T

o (P|N) —(p-2®) + p'PX [t, ta] 2 -+
g 8 s
{ v oxi, tazads - §voaae — Ser LA O} >0
i(l

|12 iy

overall -y W, |ipll+4 Var A (f) = 1.
We note that pg*[l] is continuous on set W ; therefore, the last integral in (2.9),
(2,10) has meaning,

Passing to the adjoint system, we can rewrite condition (2. 10) as
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maxyming @ minp {p (s () B()|0) +p (p| M) = (p-a®) +  (2.11)
‘s ‘a
()29 — § viyaa® — Ye*1@1dA ) >0
ta. ‘a.
overall I(:)& W, ||p|l + Var A (t) = 1, where s(7) is the solution of the ad-
joint system in the distributions

£O - s@A@—rmo AW (2.12)

with boundary conditions s (¢g) = p’P (d A (¢) / d+ is the generalized derivative
of the function A (f)).

Let £g° be the smallest instant for which inequality (2, 11) is fulfilled, and let [,(¢f),
A°(t), p, be the extremal elements of (2,11),1.e.

P(S‘:(')B(')IU) + 0 (0o | V) — (Do~ 2®) + (s° (tg) ) — (2.13)
BO tno

Vviyanc @y — § e tloidnc@y =0

iy i
Then t3° — I is the optimal time for Problem 1,1, Here the optimal control (%)
satisfies the maximum principle

tg° B
S s° (T)B(r)u (t)Ydt = ma g B(T)H:(T)d‘t’ (2.14)

while the deterministic component y°(¢} of the optimal trajectory satisfies the mini-

mum principle tg

§ (' (£ Y° (£) — ps* [ho ()] —v (£)) AA° (1)) = (2.15)
@€ tB°
min  § (e ly &1 —v(©)dr° )

P [y B2y (D) ty

The optimal aiming point 2°satisfies the maximum condition
(Po-2°) = max (p,-2z) (2.16)
=N

The assertions made above can be consolidated into the following theorem,
Theorem, The necessary and sufficient condition for the solvability of Problem
1.1 is the fulfillment of condition (2,10) or (2,11). The optimal control u°(¢) satisfies
the maximum principle (2,14), The deterministic component y°(¢) of the optimal
trajectory satisfies the minimum condition (2, 15), and the aiming point z° satisfies
condition (2. 18),
Notes, 1°, If epi ps [yl is not a smooth set, then the [ {¢) in (2, §) can turn out to
be discontinuous, Then the integrals of form
's
\ v @ QH 115, AeA
t
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must be undestood in the Radon sense [7],
2°, Under the condition

ply@®+O0MWI= v+ 0qpe
the function 0aly (#)] takes the form

[y (0] = Mo, [y () - OOl =y @ -+ QMn ()| >+ Mm@ P
for every t & [t,, t5] , while the adjoint function
ot L] = Yah L (0 — ¥ (9@ () — MY (O 1®

In particular, if MQn (1) = 0, then

ply I =1y O + Mo F

o L@ =Ya L) 2~ M| On (@) P

3°. By applying arguments analogous to those in [4] we can show that if p; [ >

v (1) for ¢ &€ [t;, t,] Clt,, t5], then the condition A® (¢) = const for t € [y, t,] is ful-
filled for the extremal element A° (¢).

4°, 1f the epigraph of function p;[y] is a smooth set and A° (#) has a jump at
L=y E g, tBi, then the condition

L' (t) QB (u° (ty - 0) — u® (4 — 0)) O (2.17)
is necessarily satisfied, In the case p, [y] = || ¥ the last condition can be rewritten as
YO G (t+0) — i — 0N <O (2.18)

Conditions (2,17),(2. 18) enable us to pick out the points at which the function AT (1
is suspected of having a jump.

Problem 1,2, being reciprocal to Problem 1,1, can be solved from the condition of
solvability of the auxiliary problem,

3, Let us discuss the solution of Problem 1.1, assuming that
pilzl = (zl-zl) (3.1)
Pol2o(B)] = (2,(1) -25(1)), 1, <<ty

In the given case inequalities (1, 3), (1, 4) are rewritten as

P (x(tg) — 2®) P + 0 e (3.2)
Q2@ [P -+ 0 () > v (), t<t<h

2(t)=X[t, tada® + § B, vu)de+ § X 12, 1] ME (1) de

lo le

= M || Pn (tp) — PMn () 1P, 02(8) = M | On (8) — MQn (1) |

Here 6, is the trace of the covariance matrix of the random vector Pm (tp), 6,%(t) is
the trace of the covariance matrix of the randorn process Q) () [8]. We introduce into
consideration the deterministic system

d()y=A@® 0@ +B@u@®+ L@, L@=MAQ
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and formulate the following problem,
Problem 3,1, Given the initial position ¥ (f,) = 2(®, the point x®),the num-

ber &, ,and the continuous function v,(¢) > (). Find the control u°(f) & U rendering
the condition £g° — ¢, == min under the constraints

[P (®(tg) — 2®) P < e, (1Q0@)F>W(D, t<t<t

From (3, 2) we see that under condition (3, 1) the solution of Problem 1.1 can be ob-
tained as the solution of Problem 3,1 if we assume g = & — 0,%, %(f) = v () —
0,% (). Thus, Problem 1,1 is reduced to the deterministic Problem 3,1, The necessary
and sufficient condition for the solvabilitv of these problems is the fulfillment of the
inequality tg

max; (; miny ) min, {p ( S Ut)QH [t,x]dA (t)+ p’'PH [tg, 1| U) + (3.3)
P(P|N)—(p-2®) + p'PX [tg, ta] 2@ +

8 g

Ve ox i, tala@dn @ 4 § 1) 0Mn @y an ) —
t:: t -

s =

Ywda®) — = S r@i@ada (t)} >0

tq te

overall I(-)& W, || p| -+ Var A (f) = 1.
This condition can also be obtained from inequality (2, 10) with

psly ()] = lly (1) + QMn () I + 0,%(?)

Passing to the adjoint system (2,12), condition (3, 3) can be rewritten as

max, gmina g ming {p (s () B()|U) + 0 (0| M) — (po2#) +  (3.4)
‘s ‘s
()2 — \m@aaw— 7\ voimaae +
[? a a
\ ) @M (@) ar ) >0
'a

overall I(-)e W, ||p|l + Var A (t) = 1.

As usual the optimal control u° (£) is determined from the maximum principle (2,14)
on the solution s° (t) of the adjoint system (2, 12), rendering the extremum of function-
al (3,4). The optimal trajectory 4°(f) satisfies the minimum condition

p® |
0= @wern—1wHLo—wedre=
td
tg°
min | (QBOP— v () A
a

LEYOL=NON

the aiming point 2°-satisfies condition (2, 16).
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4, Example, Let us consider the time-optimal problem for the stochastic system
(w (f) is a Wiener process, Mo (1) = 0, Mo? (1) = 1)
dzy = Zpdt, dzy = u (t) dt + doJu| << 1

20 =1, 50 =0 %=1, =02
under the coordinate constraints
MYP (x (tg) — P P 0.2 4 Ystg® + Yaty

M| Qx () [B>"le 4 Yat® + et

P—Q= 10
IR
This problem is equivalent to the time-optimal problem for the deterministic system
B =0y, 0 =y, |u] <Y (4.1)

B (0) =1, 8, (0) = 0, 9, = —1, 9, = 0.2

under the coordinate constraints

1P @ — P p< .02, JQBWE>T e (4.2)
Condition (3, 3) for the deterministic problem (4. 1), (4, 2) takes the form
't;;‘ lB° t@"
max;, ming, minp{B I S I (1) (¢ — 1) dA (f) - S b -Lanw (4. 8)
0 0 < -
!p‘
m«;—ﬂ+p%§dv+@r4um+04VEﬂ3E+Shmwun—
0
t‘g°
1 ¢ 7
—_ 12 92 dA () — —— Var =
. S (12 (0 + 132 (1) dA (0 — VdIA(t)} 0
0
overall I(-)e W, |p |+ VarA () = 2.
Solving problem (4, 3), we obtain _
— . ( Ve 1 JVE Ve
tB":?_ 2, Iy 5 =5 I 5 =-—"5
_ 8 1 — Ve Ve
ll°<ZV2 —Kg-—)::———f, lz°(2V2 —T>=—T

dA° (f) IV‘Z——i é(t— Vg_>,ip 1 6<t—2]/2—+1§€‘)

a Yz 2 Ve
p® =0, m°=1
The minimal tunction A° (¢) = s° (¢) B (¢) is determined by the equalities
1 — 6 —
R ==, 2V2Z _~V2 <t 2 V2
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1) 1 Ve

h°(t):(—1_='-—“?“ b =, 01—
V2 2 2 : 2
The optimal control is determined from the maximum principle (2, 14)
W) =—1, 0t V2
Wogy=1, Vi<tV
The optimal trajectory touches the constraints for &y = V®/4, &= 2VZ— V¥/,.

The authors are deeply grateful to A, B, Kurzhanskii and M, I, Gusev for useful discus-
sions of the paper,
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We derive sufficient conditions for the I=evasion of contact in a linear differ-
ential game, The paper adjoins the investigations in [1 — 5],

1. We consider the problem of evasion of contact [1, 21 in a linear differential game

{31 given by the equation
z=Cz+ f(u, v), ues P, veQ 1.1

Here z is a vector in the n-dimensional Euclidean space R", C is a constant nth-
order square matrix, & is the pursuit parameter, » is the escape parameter, P and @
are given compact subsets from R™, f (u, v) is a function continuous in all its varia-
bleson £ X @ . The terminal set M of game (1,1) is assumed to be a linearsubspace
of space R",



